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Recently we proposed to describe the fascinating physics of copper carbodiimide, CuNCN, with help of the 
anisotropic trangular antiferromagnetic Heisenberg model with the parameters Ja and Jab extending along the a, 
and a ± b lattice directions and a new frustrated Heisenberg antiferromagnetic model with exchange parameters 
Jc, Ja, and Jac, extending along the c, a, and a ± c (c-a-ca model) directions assuming the resonating valence 
bond (RVB) type of the corresponding phases. Here we discuss possible RVB ground states of these models in 
the mean-field approximation and show that in either case it is a two-dimensional RVB state. The difference be-
tween the models is that in the ground state of the triangular model the quasiparticle spectrum features a finite 
(although exponentially small) energy gap for arbitrary weak Jab whereas that of the c-a-ca model shows two 
pseudogaps and a linear dependence of the quasiparticle density of states in the low-energy range. 

PACS: 75.10.Jm Quantized spin models, including quantum spin frustration; 
75.10.Kt Quantum spin liquids, valence bond phases and related phenomena; 
75.50.Ee Antiferromagnetics. 

Keywords: copper carbodiimide, crystal structure, spin liquid, resonating valence bond theory. 

1. Introduction

Among the materials of the MNCN series (M = Mn, Fe, 
Co, Ni, Cu), CuNCN is the most bizarre [1]. In contrast to 
other members of the family exhibiting more or less stand-
ard antiferromagnetic behavior, CuNCN is a temperature-
independent (Pauli) paramagnet at room temperature and, 
at lower temperatures, switches to a gapped (Arrhenius) 
temperature dependence. Since it is not metallic in the 
temperature range where the Pauli paramagnetism occurs, 
no metal–insulator transition can be made responsible for 
the quasi-Arrhenius behavior either. It also does not mani-
fest any magnetic neutron scattering [2] so there is no 
long-range magnetically ordered state to which one could 
ascribe the susceptibility decay. These findings brought us 
to the idea that in CuNCN the antiferromagnetically inter-
acting Cu2+ local spins 1/2 which are unequivocally ob-
served in the Pauli paramagnetic phase with use of EPR 
may form resonating valence bond (RVB) phases [3,4]. 
This incidentally makes CuNCN an RVB material at high-
est temperature observed so far. The RVB hypothesis al-
lowed us to explain the magnetic and polarized neutron 
experiments. Assuming that the involved exchange param-

eters may also depend on the crystal geometry through res-
pective magnetostriction terms allowed us to relate the ob-
served anomalies in the temperature course of the a and c 
lattice parameters with transitions taking place between 
various RVB phases [5,6]. 

The above success was due to the approach we fol-
lowed in Refs. 3–6. It was based on the Heisenberg model 
with the Hamiltonian 

J +∑∑ τ r r τ
r τ

S S , (1) 

where we went to the fermion (spinon) representation of 
the spins 

1= ,
2i i ic c+

α αβ βS σ  (2) 

following the method [7] (here ( )i ic c+
σ σ  are the fermion

creation (annihilation) operators; αβσ  are the elements of 
the Pauli matrices and the summation over repeating indi-
ces is assumed). We remark here that going to the spinon 
representation does not mean any arbitrary change of the 
statistics of the involved particles, since the spins in Eq. (1) 
themselves are the effective electron spins. They emerge 
from a kind of projection procedure applied to electrons 
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described by, e.g., a Hubbard-like Hamiltonian. The stand-
ard technique described in Sec. 2 yielding then the quasi-
particle spectra of the specific models characterized by the 
sets of values of the translation vector τ  and the exchange 
parameters Jτ . 

Formation of the RVB phases in the antiferromagneti-
cally coupled systems is favored by frustrations which do 
not allow the spins to arrange in a unique long-range or-
dered structure [8,9]. In Fig. 1 we show the interactions 
which probably present in the CuNCN crystal as derived 
from structure considerations and Goodenough–Kanamori 
rules [10]. The magnetic behavior (the switch between the 
Pauli and Arrhenius regimes of the temperature course of 
the susceptibility) of CuNCN is explained by a transition 
between a one-dimensional (1D) and two-dimensional 
(2D) RVB phases occurring at a finite temperature and 
accompanied by opening a (pseudo)gap in the quasiparticle 
spectrum. 

Two models describing interactions depicted in Fig. 1 
and showing the required gap opening have been proposed. 
Originally in Refs. 3, 4 we suggested that the physics of 
CuNCN can be successfully mapped on two-dimensional 
anisotropic triangular lattice (ATL) model as applied to the 
ab crystallographic planes and involving the aJ  and abJ  
interactions. It allowed us to explain the Pauli and Arrhe-
nius regions in the temperature course of the susceptibility 
and anomalies in the temperature dependence of the a lat-
tice parameter. However, the hypothesis of the triangular 
lattice was not easy to reconcile with the intuitive picture 
[10] of the most important couplings which are expected to 

extend in the ac crystallographic plane. Also the anomalies 
observed in the temperature course of the c lattice parame-
ter point to somewhat different model. That latter employ-
ing the ,c aJ J , and acJ  interactions (c-a-ca model) has 
been proposed in Refs. 11, 12 and successfully reproduces 
even very tiny details and mutual correlations of the tem-
perature course of the magnetic susceptibility and of the 
lattice parameters a and c. 

Both the ATL and the c-a-ca models have been treated 
so far in the high-temperature approximation. This latter 
allowed us to explain the temperature dependence of the 
observed quantities through that of the RVB order parame-
ters (OPs — see below). However, it remains questionable 
within what temperature range these predictions remain 
valid. At least one can be sure that the exact expressions 
describing the temperature course of the OPs as derived 
from the high-temperature expansion are wrong in the li-
mit  0T → . That is why in Refs. 11, 12 we used interpola-
tion formulae to describe the temperature dependence of 
the OPs. 

In the present paper in order to establish the limiting 
values of the OPs at the zero temperature we consider the 
opposite limit of two previously used models. The paper is 
organized as follows. In Sec. 2 we give a sketch of a route 
to the mean-field RVB equations and to the corresponding 
quasiparticle spectra and free energy expressions. Next in 
Sec. 3 we specify these for the two specific models (ATL 
and c-a-ca ones) and derive and solve the self-consistency 
equations for the OPs relevant for the respective models at 

= 0T , i.e., for their RVB ground states. Further in Sec. 4 
these solutions are used to estimate the energies of the re-
spective states and by this we derive the RVB ground state. 
Finally we briefly discuss the relation between the obtained 
zero temperature/ground state quantities and the results 
derived in the high-temperature approximation and give 
the conclusions. 

2. Equations of motion and self-consistency equations

Equations of motion are based on the Heisenberg repre-
sentation in which each operator obeys: 

· = [ , ]i A A H , (3) 

where [...,...]  stands for the commutator and dot for the 
time derivative. Applying this to the creation and annihila-
tion operators ( )c c+

σ σr r  introduced by Eq. (2) and per-
forming commutation, mean-field decoupling and Fourier 
transformation as done previously results [3] in the mean-
field equations of motion:  

*

3 3= cos ( ) cos ( ) ,
2 2

3 3= cos ( ) cos ( ) ,
2 2

i c J c J c

i c J c J c

+
σ σ − −σ

+ +
σ β − −σ

− ξ − ∆

ξ − ∆

∑ ∑

∑ ∑

k τ τ k τ τ k
τ τ

k τ τ k τ τ k
τ τ

kτ kτ

kτ kτ







(4) 

Fig. 1. (Color online) Crystal structure (unit cell) of CuNCN and 
exchange parameters included in the consideration. The interac-
tions are always mediated by the NCN2– moieties. Two stronger
interactions in the ac  crystallographic plane ( cJ  and acJ ) are 
mediated by the π-system of NCN2– and extend, respectively, in 
the c  and c a±  directions. Somewhat weaker aJ  contributed by a 
ferromagnetic counterpoise terms dependent on the hybridization 
at the N atoms extends in the a  direction. The weakest abJ  as 
well goes through the N atoms. 
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where  

 = c c+
+ σ σξτ r τ r ,  

 = c c+ α β∆τ r τ r   

are the order parameters (OPs — averaging over so far 
unknown many particle state is assumed). Equation (4) 
reduces to the set of 2 2×  eigenvalue problems for each 
wave vector k : 

* =
u u

E
v v

ξ ∆    
     ∆ −ξ     

k k k k
k

k kk k
 

with  
= 3 cos( )Jξ − ξ∑k τ τ

τ
kτ , 

= 3 cos( )J∆ ∆∑k τ τ
τ

kτ , 

and the eigenvalues 
22=E ± ξ + ∆k k k . 

This set of equations formally closes by the self-consis-
tency conditions:  

1= exp ( ) tanh
2 2

Ei
N E

ξ  ξ −  θ 
∑ k k

τ
kk

kτ , 

 1= exp ( ) tanh
2 2

Ei
N E

∆  ∆ −  θ 
∑ k k

τ
kk

kτ  (5) 

for the OPs. We, however, follow somewhat different, but 
equivalent method. For the complex OPs we introduce a 
polar representation: 
 = e .iϕ∆ η ττ τ  (6) 

The standard moves foreseen to account for the (2)SU  
symmetry of the solutions allow one to exclude the cross 
terms in OPs from the above expression under the square 
root which leads to the systems of conditions 

 = cos ( ),′ ′ ′ξ ξ −η η ϕ − ϕτ τ τ τ τ τ  (7) 

which can be satisfied for our specific models. The (2)SU  
symmetry thus allows to express the free energy for either 
of the so far used models as  

 2 23 2= ln 2cosh
2 2BZ

EF J d
BZ

 θ  ζ −   θ  
∑ ∫ k

τ τ
τ

k , (8) 

where = Bk Tθ  and the effective OPs are introduced τζ =  
2 2
τ τ= ξ + η , BZ stands for the integration over the Bril-

louin zone, and BZ  stands for their areas specific for each 
model. The auxiliary bosons assuring the approximate pro-
jection to the single occupancy subspace in case of the 
unity filling (zero hole concentration) are decoupled from 
other averages (ξτ , ητ , and/or τζ ) entering the free energy 
expression (8) [7] and thus can be omitted. 

It easy to check that for 0θ →  the “kinetic” energy 
contribution transforms into the integral over the BZ from 
the quasiparticle spectrum itself: 

 

2

2

2= ln 2cosh
2

1 = ( ) ,

BZ

BZ

ET d
BZ

E d g d
BZ

  θ− →  θ  

→ − − ε ε ε

∫

∫ ∫

k

k

k

k  (9) 

where ( )g ε  stands for the quasiparticle density of states 
(qDoS). It is obviously uniform of the first power with 
respect to τζ ’s in either case. The “kinetic” energy contri-
bution (9) complemented by the “potential” energy contri-
bution quadratic with respect to the OPs (the first term in 
Eq. (8) which thus yields the ground-state energy as a 
function of effective OPs). The allowed states of the sys-
tem are the minima of the ground-state energy with respect 
to OPs. These are an equivalent alternative to solving the 
self-consistency conditions (5) which better suits our pur-
pose. 

3. Quasiparticle dispersion laws of the specific 
frustrated models 

As we mentioned in the Introduction two frustrated an-
tiferromagnetic Heisenberg models have been considered 
in relation to CuNCN. Hereinafter we shall consider these 
models in sequel. 

3.1. ATL model 

This model is apparently the simplest one where frust-
ration can be observed and thus it has been a subject of nu-
merous studies by a variety of methods. They all quite con-
sistently indicate towards existence of spin-liquid (RVB) 
states in certain regions of the parameter space. It is obvi-
ous that at very small values of the frustrating interaction 

aJ  the system occurs in an antiferromagnetic ground state 
of a square lattice with the single parameter abJ . Numeri-
cal study of the opposite limit ( <ab aJ J ) which is more 
relevant for the CuNCN physics in the mean-field RVB 
approximation showed [13] that the 1D- and 2D-RVB 
phases are possible. Formally the ATL model is characteri-
zed by the translation vectors ±τ  with τ  taking three val-
ues in the ab crystallographic plane ; = 1–3;i iτ  

1 2 3
1 3 1 3= (1,0); = , ; = ,
2 2 2 2

   
τ τ τ −         

 

with the interaction of the strength aJ  along the lattice 
vector 1τ  (two neighbors) and with a somewhat smaller 
strength abJ  along the lattice vectors 2τ  and 3τ  (two 
neighbors along each). This setting results in the dispersion 
law 

2 2 2 2 2 2 22= 9( cos cos 3 ),cosa a ab ab ab abE J J J x yxζ + ζ + ζk  (10) 

where we set x  for xk  and y  for yk  for brevity. Two 
possible nontrivial regimes correspond to the 1D-RVB 
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with 0; = 0a abζ ≠ ζ  and the 2D-RVB with , 0a abζ ζ ≠ . 
Corresponding quasiparticle dispersion laws are shown in 
Fig. 2. 

In the 1D-RVB state the quasiparticle’s dispersion van-
ishes in the y  direction: 

 = 3 cos .a aE J xζk  (11) 

The spectrum is gapless along the nodal lines /2x = ±πk  
and manifests ridges extended in the y  direction at 

= 0,x ±πk . The corresponding qDoS: 

2 2 2

2( ) =
9 a a

g
J

ε
π ζ − ε

 

is depicted in Fig. 2. It diverges on the upper bound of the 
spectrum. The low-energy/low-temperature behavior of the 
system in the 1D-RVB state is controlled by a constant 
qDoS at the zero energy, which perfectly maps to the tem-
perature-independent paramagnetic susceptibility in the 
corresponding phase. 

As one can easily see the most characteristic difference 
between the 1D- and 2D-RVB states of the ATL model is 
the gap in the quasiparticle spectrum consequently reflect-
ed in the form of the qDoS schematically shown in the 
same figure. Although the quasiparticles acquire a disper-
sion in the y direction and both the nodal lines = /2x ±πk  
and the ridges = 0,x ±πk  acquire a goffer (see Fig. 2) one 
can see from the figure and Table 1 that in either case the 
amount of dispersion in the y  direction is of the higher 
order of magnitude as compared to other characteristic 
energies. 

Table 1. Critical points of the quasiparticle spectrum in the 
gapped spin-liquid 2D-RVB state of ATL model. ( , )x yk k  
stands for the coordinates of the critical point in the Brillouin 
zone, n is the degeneracy — total number of points of the given 
type; other entries are self-explanatory 

( , )x yk k  n 2E  Point type 

0, ; = 2,0,2
3
l lπ  − 

 
 3 ( )2 2 2 29 2a a ab abJ Jζ + ζ  maximum 

,
3

π ±π ± 
 

 4 ( )2 2 2 29 2a a ab abJ Jζ + ζ  maximum 

0,
3

π ± 
 

 2 2 29 a aJ ζ  saddle 

( ,0)±π  2 2 29 a aJ ζ  saddle 

,
2 2 3
π π ± ± 

 
 4 2 29 ab abJ ζ  saddle 

3,
2 2

 π π± ±   
 4 2 29 ab abJ ζ  saddle 

2 2

2 2
2( arccos , )

32
ab ab

a a

J
J

 ζ π ± − ± ζ 
 4 

2 2
2 2

2 2
39 1
4

ab ab
ab ab

a a

JJ
J

 ζ ζ + ζ 
 saddle 

2 2

2 2( arccos , )
32

ab ab

a a

J
J

 ζ π ± ± ζ 
 4 

2 2
2 2

2 2
19 1
4

ab ab
ab ab

a a

JJ
J

 ζ ζ − ζ 
 minimum 

2 2

2 2( arccos ,0)
2
ab ab

a a

J
J

 ζ ± − ζ 
 2 

2 2
2 2

2 2
19 1
4

ab ab
ab ab

a a

JJ
J

 ζ ζ − ζ 
 minimum 

Fig. 2. (Color online) Dispersion laws (quasiparticle energy — applicate, vs 2D-wave vector in the Brillouin zone — abscissa and ordi-
nate) of the ATL-RVB model for characteristic values of the OPs aζ  and abζ  indicating key features of the quasiparticle spectrum in 
respective RVB states and the sketches of the relevant qDoS (see text for the details). 
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Specifically in the low-energy range the splitting between 
the saddle points of the quasiparticle spectrum are of the 
fourth order with respect to presumably small OP abζ  
whereas the energy gap itself is of the second order. This 
brings us to the idea that neglecting the y  dispersion when 
calculating the integral characteristics of the system does 
not affect the precision catastrophically. This may be con-
sidered as a quasi-one-dimensional approximation for the 
spectrum, which then takes the form 

 2 2 2 22= 3 .cosa a ab abE J Jxζ + ζk  (12) 

Inserting this in the standard definition of the qDoS we 
obtain 

   
2 2 2 2 2 2 2 2

2( ) =
(9 9 )( 9 )a a ab ab ab ab

g
J J J

εε
π ζ + ζ − ε ε − ζ

 (13) 

for the quasiparticles in a band ranging from 3 ab abJ ζ  to 
2 2 2 23 a a ab abJ Jζ + ζ  with its lower boundary being as ex-

plained above only slightly higher than the lower boundary 
of the exact spectrum and with the upper boundary being 
located between the exact upper boundary and its loga-
rithmic peak. Of course, the precise form of the van Hove 
singularities is not reproduced: instead of logarithmic 
divergency we have the power-like one, but as we hope 
(see above) it does not fatally affect the integral values. 

With use of the qDoS (13) one can easily write the expli-
cit expression for the ground-state energy of the 2D-RVB 
state as relying on the general expression (8) where the 
integral is done analytically [14]: 

2 2 2 2 2 26( = 0) = 3 6 ( ).a a ab ab a a ab abF J J J J kθ ζ + ζ − ζ + ζ
π

E  (14) 

Here ( )kE  is the complete elliptic integral of the 2nd kind 
of the modulus k  given by 

2 2
2

2 2 2 2= .a a

a a ab ab

J
k

J J
ζ

ζ + ζ
 

This result is not unexpected since it has a form character-
istic for one-dimensional systems [15]. Taking derivatives 
with respect to the OPs abζ , aζ  and setting the former 
equal to zero results in the self-consistency equations 

 

( )
2 2 2 2

2 2 2 2

1 = ( ) ( ) ,

1 = ( )
2

a

a a ab ab

ab

a a ab ab

J
k k

J J
J

k
J J

−
π ζ + ζ

π ζ + ζ

K D

K
 (15) 

(K  is the complete elliptic integral of the first kind, 
2= ( )/k−ED K  is the auxillary elliptic integral defined in 

[14]), which are remarkably similar to the self-consistency 
conditions in the one-dimensional Hubbard problem as 
written in Ref. 17, the first being one for the bond order 
and the second being analogous to that for the gap or mag-

netization with abJ  taking part of the interaction parame-
ter of the Hubbard model and 3 a aJ ζ  being the effective 
one-dimensional bandwidth. In the 1D-RVB state the first 
of the conditions (15) yields the amplitude of the OP aζ  
reached at the zero temperature:  

 = 1/ ,aζ π  (16) 

which is in perfect agreement with the numerical result of 
[16] (and equals to the bond order on the one-dimensional 
chain without interaction). Inserting this in the second of 
the two conditions (15), neglecting the terms with contain-
ing abζ  as compared to those with aζ  in the sums, and 
using the logarithmic asymptotic of K  we arrive to the 
estimate for abζ  and for the gap in the 2D-RVB state: 

24= expa a
ab

ab ab

J J
J J

 
ζ − π  

, 

12 2
3 = expa a

ab ab
ab

J J
J

J
 

ζ − π  
 

at zero temperature. The latter result is in a fair agreement 
with the numerical study [18] where the pre-exponential 
factor in the gap was estimated to be 3.50 as compared to 
our 12/π ≈  3.82. Although the factor in the exponent was 
estimated to be 1.61 in [18] against our estimate of two, the 
general form of the dependence of the characteristics of the 
model on its parameters is reproduced. One can, however, 
expect that neglecting the dispersion in the y direction may 
well affect precisely the numerical coefficients of that 
kind. These results show that at the zero temperature some 
nonvanishing value of the abζ  OP and the energy gap ap-
pear at arbitrary weak interaction abJ  so that no critical 
point with respect to the anisotropy /ab aJ J  should be 
expected in variance with the numerical result obtained on 
a finite although large chunk of the lattice [16,18]. One has 
to give preference to the above approximate analytic result 
over a numerical one in this case since one can imagine 
that detecting an exponentially small gap or OP in a nu-
merical experiment may be problematic. 

A further move consists in using the above expression 
for abζ  for further iteration. Retaining the terms propor-
tional to 2k ′Λ ; = ln 4/k ′Λ , 2 2= 1k k′ −  in the equation 
for aζ  so that 2( ) ( ) 1 /2k k k ′− ≈ − ΛK D  and keeping the 
terms up to second order in abζ  we obtain 

 2 41 1 16= = exp ,ab a a
a ab

a ab ab

J J J
J J J

 π
ζ − ζ − − π π π  

 (17) 

which represents the estimate of the “bond order” variation 
in the 2D-RVB state as compared to the 1D-RVB state. 
This finding is in a fair and remarkable agreement with the 
numerical result of [18] where it was shown that in the 
region where the 2D-RVB state develops ( 0abζ ≠ ) the 

aζ  OP manifests a very weak depletion as compared to its 
1D-RVB ( = 0abζ ) value. 
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3.2. c-a-ca model 
As we mentioned in the Introduction the ATL model is 

not fully consistent when it comes to interpretation of the 
low-temperature anomalies in the temperature course of 
the c lattice constant [6,11,12]. Thus more antiferromagne-
tic couplings action along translations iτ ; = 1–4i ; 

1 = ( ,0);aτ  2 = (0, );cτ  3 = ( , );a cτ  4 = ( , )a c−τ  with the 
interaction of the strength aJ  along 1τ  (two neighbors), 
with a strength cJ  along 2τ  (two neighbors as well), and 
interaction of the strength acJ  along 3τ  and 4τ  (two 
neighbors along each) — see Fig. 1 — have been pro-
posed. Either interactions along 1τ  and 2τ  or those along 

3τ  and 4τ  taken separately must lead to an antiferromag-
netic state. However, when considered simultaneously they 
interfere leading to the required frustration not allowing 
the spins to arrange in any magnetically ordered state. This 
model generalizes the known Nersesyan–Tsvelik model 
[19] which derives from ours by setting =a cJ J  which is 
clearly not the case for CuNCN. Nevertheless, it is known 
[19] that the RVB state of the Nersesyan–Tsvelik model is 
stable with respect to formation of an antiferromagnetic 
phase. For similar systems a variety of RVB states have 
been proposed [7,13]. Ground states of a similar, but spa-
tially isotropic 1 2 3J J J  model have been treated recently 
by various methods, and it has been shown that spin-liquid 
states are very probable [20]. 

3.2.1. Dispersion law and ground-state energy. Apply-
ing the moves described in Sec. 2 one can select the rela-
tive phases τϕ  in Eq. (6) for the complex OPs so that the 
Eq. (7) are satisfied and to arrive to the spectrum of 
quasiparticles acquires the form [12] 

2 2 2 2 2 2 22 2 2 2= 9( 4 ),cos cos cos cosa a c c ac acE J J Jx z x zζ + ζ + ζk  (18) 

where we set = ;xx k  = zz k  and the effective OPs aζ , cζ , 
acζ  describe the states of the model. 

Obviously the c-a-ca model is much richer than the 
ATL one. Its versatile quasiparticle spectrum (18) is repre-
sented in Fig. 3 originally published in Ref. 12. It shows 
three principal regimes (each eventually realizable by vari-
ous combinations of the effective OPs): (i) one with two 
pairs of lines of nodes (gapless 2D-RVB), (ii) one with a 
pair of lines of nodes (termed as 1D- and Q1D-RVB 
states), (iii) and one with two pseudogaps and four nodal 
points (pseudogapped 2D-RVB).  

If either of the OPs aζ  or cζ  is the only nonvanishing 
OP, the dispersion law acquires corresponding lines of 
nodes = /2z ±π  (or = /2x ±π ) where the quasiparticles 
have zero energy. These states can be unequivocally charac-
terized as 1D-RVB ones since the dispersion of quasi-
particles occurs in only one crystallographic direction (a or 
c). The qDoS in the 1D-RVB states of the c-a-ca model fol-
lows the pattern known from the ATL model. It is constant 
at zero energy, but shows a power-like divergency at the 
ceiling of the quasiparticle band due to the dispersionless 
ridge in the dispersion law [3], like in the ATL model [18]. 

If both OPs ,a cζ  vanish and the OP acζ  does not, two 
pairs of nodal lines exist along which the quasiparticles 
have zero energy. In this state the qDoS diverges logarith-
mically at zero energy. Since the quasiparticles have dis-
persion in both directions in the Brillouin zone this state 
has to be characterized as a (gapless) 2D-RVB state. 

If either of the nonvanishing OPs ,a cζ  is complemented 
by the nonvanishing OP acζ , quasi-1D-RVB (Q1D-RVB) 
states appear (not to be mixed with the above quasi-one-di-
mensional approximation (12)–(15) as applied to treat true 
2D-RVB states of the ATL model). The difference with the 
true 1D-RVB states is that in the Q1D-RVB states one 
finds a nonvanishing dispersion along the node lines, so that 
their dispersion law have local maxima and saddle points 
instead of the ridge characteristic for the true 1D-RVB 

Fig. 3. (Color online) Dispersion laws (quasiparticle energy — applicate, vs 2D-wave vector in the Brillouin zone [ , ] [ , ]∈ −π π × −π πk  
— abscissa and ordinate) of the c-a-ca-RVB model for several characteristic values of the OPs aζ , cζ , and acζ  indicating key features 
of the quasiparticle spectrum in different RVB states and the sketches of the relevant qDoS (normalized number of states) 
vs quasiparticle energy ε  (see text for the details). 
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state. Thus, the qDoS develops a finite hop at the ceiling 
of the quasiparticle band and a logarithmic singularity at 
a pseudogap which is a saddle point of the quasiparticle 
dispersion law. Since at the zero energy the quasiparticle 
spectrum is formed by acoustic spinons propagating in one 
direction and only rudimentary dispersed in another one 
considering these states as quasi-one-dimensional is well 
based. 

By contrast, if the nonvanishing OP’s are cζ  and aζ , 
then (irrespective of the OP acζ ) there are no lines of nodes, 
but four nodal points ( = ( /2, /2)±π ±πk ) where the quasipar-
ticle energies vanish. The two possible states of this type are 
thus pseudogapped 2D-RVB states. The qDoS in 2D-RVB 
states vanishes at the zero energy, being proportional to the 
energy well below the smaller pseudogap. Otherwise the 
quasiparticle dispersion law has saddle points at the two 
pseudogap energies and, thus, the qDoS of 2D-RVB state 
develops two logarithmic singularities. In the Nersesyan–
Tsvelik model ( =a cJ J ) two logarithmic peaks coalesce 
and only one pseudogap manifests. If all three OPs are 
nonvanishing this does not significantly affect the character 
of the quasiparticle spectrum. It as in the previous pseudo-
gapped 2D-RVB state this one contains four nodal points 
and the only difference is somewhat larger width of the 
quasiparticle band. Characteristic feature of the pseudo-
gapped state — the linear course of the qDoS at low energy 
survives, however, the split of the OP acζ  from zero. 

The specific OP values for the ground states of the c-a-ca 
model derive from its ground-state energy which can be 
written immediately [7] as 

    2 2 2 2
2

1= 3 3 6 .
4

a a c c ac ac
BZ

F J J J E dζ + ζ + ζ −
π ∫ k k  (19) 

Possible solutions of the minima conditions of (19) with 
respect to possible combinations of OPs are considered 
hereinafter. 

3.2.2. Self-consistency equations for the OPs and their 
solutions. Like in the ATL model both the “kinetic” and 
“potential” energy terms in Eq. (19) are function where the 
OPs enter as quadratic expressions. Thus taking derivatives 
with respect to the OPs always results in self-consistency 
equations allowing for solutions where all or at least some 
of the OPs vanish. Clearly, having one or more of the OPs 
vanishing significantly simplifies the situation and makes 
analytical solution possible at least in certain cases. In the 
present section we shall consider possible solutions in a 
sequel. 

Pseudogapless 2D-RVB state. This state is character-
ized by the single nonvanishing OP 0acζ ≠ . The quasi-
particle spectrum (18) simplifies considerably:  

 = 6 cos cos ,ac acE J x zζk  (20) 

and the integration over the BZ can be performed. Com-
bining its result with the potential energy we obtain 

2
2

24
= 6 ,ac ac

ac ac
J

F J
ζ

− + ζ
π

 

which after minimizing with respect to acζ  yields 

2= 2 /acζ π  

as the self consistent value. 
One-dimensional RVB states. These appear when only 

one of either OPs aζ  or cζ  is nonvanishing, whereas 
= 0acζ . This leads to the quasiparticle spectrum of the 

form 

 = 3 cosE Jτ τζk τk  (21) 

( = ,a cτ ) which is already known from the 1D-RVB state 
of the ATL model (see [16,18] and above). Then we simp-
ly write  

, = 1/ ,a cζ π  

which do take place separately for = aτ  and = cτ . 
Quasi-one-dimensional RVB states. Such states corre-

spond to the situations when the OP acζ  and only one of 
the OPs aζ  or cζ  are nonvanishing. In this case the 
quasiparticle spectrum acquires the form (for definiteness 
we assume 0aζ ≠ ):  

 2 2= 3 cos 1 ,cosa aE J x A zζ +k  (22) 

where  
2

= .ac ac

a a

J
A

J
ζ

ζ
 

Due to acJ  interactions the dispersion appears in the z direc-
tion. Nevertheless, the integration within the BZ factorizes 
and as previously can be performed analytically yielding: 

2 2
2 2 2 2 2

2 2 2 2 2
412 4 ( ); =

4
ac ac

a a ac ac
a a ac ac

J
J J k k

J J
ζ

− ζ + ζ
π ζ + ζ

E  (23) 

which is the result fairly well known in the mean-field the-
ory of one-dimensional systems [15] and in various con-
texts appeared in our work [5,17]. It coincides with that for 
the one-dimensional Hubbard model for electrons with on-
site repulsion [17]. The parameters of the respective mo-
dels enter the answer Eq. (23) unsymmetrically: one of the 
parameters is responsible for the width of the quasiparticle 
band whereas another one for possible gap-like features in 
the quasiparticle spectrum. In the Hubbard model these 
were, respectively, intersite electron hopping parameter 
and the on-site electron–electron repulsion parameter. In 
its turn in our quasi-one-dimensional approximation for the 
ATL model [5] (see above) the bandwidth-like parameter 

aJ  was the exchange parameter along the chains whereas 
the oblique exchange parameter abJ  took the part of the 
effective interaction. In the present model the band-width 
(effective hopping) parameter is that of the exchange along 
the structural diagonal ( acJ ) whereas the exchange along 
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the unit cell edges ( aJ  or alternatively cJ ) takes part of the 
effective interaction. 

Further moves are obvious. The “kinetic” energy (23) 
has to be differentiated with respect to the OPs acζ  and aζ . 
Taking the derivative with respect to aζ  yields 

2

2 2 2 2 2

( )12

4
a a

a a ac ac

J k

J J

ζ
−

π ζ + ζ

K
, 

the value of the modulus k  is given by Eq. (23). Combin-
ing this with the corresponding derivative of the potential 
energy and excluding the trivial solution = 0aζ  we arrive 
to the self-consistency equation 

 2 2 2 2 2

21 = ( )
4
a

a a ac ac

J
k

J Jπ ζ + ζ
K  (24) 

for the OP aζ . The logarithmic singularity of the elliptic 
integral ( )kK  at = 1k  guarantees as usual the existence of 
a nontrivial solution and the corresponding pseudogap in 
the quasiparticle spectrum for an arbitrary weak “effective 
interaction” aJ . 

Analogous move with respect to the “bandwidth param-
eter” acζ  yields (after excluding the trivial solution for the 
OP acζ ) the self-consistency equation for the latter: 

 2 2 2 2 2

41 = ( ).
4

ac

a a ac ac

J

J J
−

π ζ + ζ
K D  (25) 

The equation is fairly analogous to equations for the “bond 
orders” of Refs. 5, 17 and the ATL model. The solution in 
the limit of 0aζ →  is consistently 2= 2 / .acζ π  

Iterating the last solution we obtain for the small values 
of aζ  

 
2

16 2
= expac ac

a
aa

J J
JJ

 
ζ − 

π  
 (26) 

and analogous expression for cζ . This indicates that the 
pseudogap is exponentially small for small interaction pa-
rameters Jτ ; = ,a cτ . 

Iterating the equation for the OP acζ  we obtain 

2 2
2 2

4 2
4= ( )

4
a a

ac
ac

J
J
ζ

ζ − −
π
K D  

which shows a quadratic dependence of acζ  on the OP aζ  
( cζ ) as that latter splits from zero. 

More detailed study is based on the expansion 
2( ) ( ) 1 ( 3/2) /2k k k ′− ≈ − Λ −K D  where one cannot consider 

3/2  in the multiplier at the squared complementary modu-
lus k ′  to be small as compared to the logarithmically di-
vergent term Λ  since that latter has as its argument expo-
nentially small complementary modulus itself so that Λ  
and 3/2  are in fact of the same order of magnitude. Thus 
employing Eq. (26) we get  

2 2
= 4exp ; =ac ac

a a

J J
k

J J
 

′ − Λ 
 

, 

and we finally arrive to  

 2
4

2 44 1= 1 16 exp
2

ac ac
ac

a a

J J
J J

    
ζ + − −    

π      
 (27) 

which shows that the band width OP acquires an exponen-
tially small correction as well. 

The opposite limit is as well of interest. The self-
consistency condition (24) for the OP aζ  yields correct 
solution for the case = 0acζ  which is the solution for the 
1D-RVB state ( aζ  = 1/π ). This corresponds to the values 
of the modulus k  of the elliptic integrals close to zero. In 
that limit we use an existence condition produced by equ-
ating the right hand sides of two self-consistency Eqs. (24), 
(25): 

 = 2 ( ).a acJ J −K K D  (28) 

It determines a self-consistent value of the modulus k , 
which can be found only for the parameters’ range 

0 a acJ J≤ ≤  

since for the elliptic integrals the following holds:  

10 .
2

−≤ ≤K D
K

 

That means that in the parameters range where acJ  is too 
small as compared to aJ  (or cJ ) the Q1D-RVB states (re-
spectively, with , 0a acζ ζ ≠  or , 0c acζ ζ ≠ ) do not exist 
whereas such a state always exists for ,a cJ  small as com-
pared to acJ . This result is very remarkable since it exactly 
reproduces respective estimate obtained with use of the 
high-temperature expansion. That latter places the bounda-
ries between the 1D- and Q1D-RVB phases ( 0τζ ≠ , 

= 0acζ  and , 0acτζ ζ ≠ , = ora cτ ) right at = acJ Jτ . 
Approximate solutions can be found in the limit of 

small acζ . In this case the elliptic integrals expand in pow-
er series with respect to 2k  [14] so that one easily obtains 
for the self-consistent value of 2k  in the lowest order:  

( ) 2 22

2 2 2 2
2

= =
4 2 4

ac a ac ac

a ac a a ac ac

J J Jk
J J J J

− ζ
− ζ + ζ

 

which resolves to  

 
( )

( )
( )

( )

12 2

2 2
2 8

= 1 .
2 2

ac a ac aac a

a ac a aca ac

J J J JJ
J J J JJ

− − −ζ
−  − −ζ  

 (29) 

The last relation implies that not only an upper boundary in 
aJ  for the Q1D-RVB state, but also a lower boundary may 

exist (2 >a acJ J ), although it may be not exactly determi-
ned from the above relation. The “control parameter” sti-
pulating the change of the behavior here is (> 0)ac aJ J−  
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— the “depth” of penetration in the region where the 
Q1D-RVB state can exist. It in a way is a measure of frus-
tration as well. 

Pseudogapped 2D-RVB states. The spectrum for the 
pseudogapped 2D-RVB state with , 0, = 0a c acζ ζ ≠ ζ  un-
expectedly integrates (with use of Mathematica ®). In-
deed, we need to find 

2 2
2 22 2

2
0 0

4
cos cosA x C z dxdz

π π

− +
π ∫ ∫ , 

where = 3 a aA J ζ , = 3 c cC J ζ . Performing first the integra-
tion with respect to x  we get 

22

2 2 2
0

4 cos .
cos

C Az i dz
C z

π
 
 −
 π  

∫ E  

Second integration performs as well and yields  

1 3 32
2,2 2 2 23,33/2 2

, ,
|

2 0,1,0

C A
C

 
 
 π  

G , 

where a Meijer G-function enters into play. The result 
looks out unsymmetrically, however, one can prove apply-
ing formulae PBM III.8.2.2.14-15* that 

1 3 3 1 3 32 2
2,2 2,22 2 2 2 2 23,3 3,32 2

, , , ,
| = |

0,1,0 0,1,0

C A C
A C A

   
   
      

G G  

which shows as expected that the order of integration is 
indeed insignificant. Taking derivatives of the first repre-
sentation of the kinetic energy with respect to A  and of 
the second one with respect to C , employing the chain 
rule, and combining them with the respective derivatives of 
the potential energy we arrive to the self-consistency equa-
tions for the OPs:  

 

2 1 1 1
2,2 2 2 23,33/2

2 1 1 1
2,2 2 2 23,33/2

, ,1= | ,
2 0,0, 1

, ,1= | ,
2 0,0, 1

a a a
c

c c c

c c c
a

a a a

J J
J J

J J
J J

   −ζ ζ   ζπ   − 
   −ζ ζ   ζπ   − 

G

G

 (30) 

where both OPs are assumed to be nonvanishing. The Mei-
jer G-function has logarithmic nonanalyticities in the vicini-
ties of the points = 0,z ∞. Thus in the lowest order the 
expansions (observe the inverted arguments of the G-
functions in Eq. (30)) 

1 1 1
2,2 2 2 2 23,3

2

, ,
|
0,0, 1

82ln 1 19 12ln ... ,
2 64 8

z

z z
z

 − 
 − 

π π   − + + +      

G 



 

1 1 1
2,2 32 2 23,3 2

, ,1 | 2 1 ln ...
2 80,0, 1

zz z
z

 − π    π + + +    − 
G 

 

both valid for 0z ≈  are used. 
Assuming, according to the physical estimate, that a 

1D-RVB state first installs along the c direction we ex-
plore the limit  

= 1.a a

c c

J
z

J
ζ
ζ
  

Then using the lowest order estimates for the Meijer func-
tions we get from the 2nd equation 

= 1/ ,cζ π  

precisely as it used to be in the gapless 1D-RVB state. In-
serting this in the 1st equation and using the lowest order 
estimate for the Meijer G-function we get 

 28= exp .c c
a

a a

J J
J Je

 
ζ − 

π  
 (31) 

This shows that at arbitrary small ratio /a cJ J  a self-con-
sistent solution with two pseudogaps exist. Inserting this 
estimate back to the equation for cζ  and using in the ex-
pansion of the Meijer G-function terms up to 2z  we get 

 
4 131 1= 1 exp 12 .

2
c a

c
a c

J J
e J J

    
ζ − − −     π     

 (32) 

The latter shows that the correction to the OP cζ  is expo-
nentially small as one could expect. 

Unfortunately, analogous moves did not bring success 
when it goes about more general expressions involving 
three nonvanishing OPs. For that reason we address this 
2D-RVB state separately by other method (see below). 

4. Ground state of the c-a-ca-RVB model 

In the previous section we obtained estimates of the 
self-consistent values of OPs for all nontrivial phases of 
the c-a-ca model except one in relevant orders. This is, 
however, only a prerequisite for constructing the ground-
state parameter phase diagram since at this point it is not 
known yet which of the self-consistent solutions corre-
sponds to the lowest energy. In order to calculate the equi-
librium energies of various RVB states we remind that by 
definition the “kinetic” energy at the zero temperature is a 

* Hereinafter PBM r.a.a.a.a stands for the formula a.a.a.a of volume r of Ref. 21. 
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uniform function of the power one with respect to the OP’s 
, ,a c acζ ζ ζ  whereas the potential energy is the uniform 

function of the power two with respect to the same OP’s. 
These are the conditions of the virial theorem. Thus for 
arbitrary positive numbers * * *, ,a c acz z z  defining a ray in the 
OP space the OPs are given by the scaling parameter λ  so 
that *= zτ τζ λ  and we get 

2* * *( ; ) = ( ) ( ).E z T z U zτ τ τλ λ + λ  

Optimizing with respect to λ  one obtains 

*
* *

*

( )
( ) =

2 ( )
T z

z
U z

τ
τ

τ
λ −  

the equilibrium value of the scaling parameter characteris-
tic for the chosen ray. The energy minimum along the ray 

* * *, ,a c acz z z  reads 

( )
2 2 2* * *

** * * *
2 2** *

( ) ( ) ( )
( ) ( ) = ( )

2 ( ) 4 ( ) 4 ( )
T z T z T z

U z U z U z z
U z U z U z

τ τ τ
τ τ τ τ

τ τ τ
− + = − − λ  

the last equality expressing the virial theorem for the given 
ratio of the powers of the uniform contributions (the total 
equilibrium energy equals minus potential energy calculat-
ed in the equilibrium point). Thus the total ground-state 
energy equals to minus potential energy calculated for the 
equilibrium values of the OP’s which are known from the 
previous section. Thus for the states with only one 
nonvanishing OP we immediately get the following total 
energies:  

2

2 2 4

1D-RVB 1D-RVB 2D-RVB
1 1 2= = =

3 3 24

a c ac

a c acJ J J

ζ ζ ζ
π π π

− − −
π π π

 

The above states with one nonvanishing OP can be, how-
ever, unstable with respect to splitting of other OPs from 
zero values. For example, starting from the pseudogapless 
2D-RVB state with only nonvanishing OP acζ  we obtain 
for the energy of the Q1D-RVB state opening a pseudogap 
with small aJ . The corresponding Q1D-RVB state with 

0aζ ≠  has the energy  

2 26 3 ,ac ac a aJ J− ζ − ζ  

where the self-consistent values of the OPs have to be in-
serted. Taking those given by Eqs. (26), (27) we obtain for 
this quantity 

4 4
24 12 4

·16 expac ac ac

a

J J J
J

 
− − − 

π π  
 

which shows that the energy gain due to opening of the 
pseudogap is always larger by absolute value than the loss 
due to depletion of the OP acζ  which results in an overall 

energy gain although exponentially small. This result mu-
tatis mutandis holds for cJ  as well which means that the 
gapless 2D-RVB state is always unstable for arbitrary 
small values of Jτ ; = ,a cτ  and at zero temperature it 
decays to a Q1D-RVB state with 0τζ ≠  whichever of Jτ  
is stronger. This is in certain correspondence with the re-
sults obtained in the high-temperature approximation 
[11,12] which consistently show a decrease of the area in 
the parameters space where the gapless 2D-RVB phase 
exists with temperature decrease (see below). 

For analysis of the 1D-RVB states we analogously use 
the potential energy of the 2D-RVB state:  

2 23 3 ,c c a aJ J− ζ − ζ  

where the self-consistent values of the OPs have to be in-
serted. Using those given by Eqs. (31), (32) we get for the 
energy up to the lowest exponential terms  

2 2
2 2

3 43 1exp 64 24 13 .c c
c c a a

aa

J J
J J J J

J eJ

   − − − − +   π π  
 

The quadratic form in the square brackets is positive defi-
nite thus the energy correction is always negative and 
opening the missing pseudogap in any of the 1D-RVB 
states is energetically preferable thus leading to the pseudo-
gapped 2D-RVB state. 

As we noticed above the other boundary of a 1D-RVB 
phase, namely one with the Q1D-RVB one is of interest. 
Taking the expression (29) describing the ray on which the 
self-consistent values of the OPs characteristic of the Q1D-
RVB state must lay in the lowest order with respect to the 
control parameter ac aJ J−  we derive for the Q1D-RVB 
ground-state energy:  

2

2 2
3 12 ( )

2
a a ac a

a acac

J J J J
J JJ

−
− −

−π π
 

which shows the quadratic gain due to transition from the 
1D-RVB state to the corresponding Q1D-RVB state. This 
gain is obviously due to the position of the logarithmic van 
Hove singularity towards lower energy as compared to the 
position of the power divergency of the qDoS in the strict-
ly 1D-RVB state. Formally, the sign of the quadratic con-
tribution changes at 2 =a acJ J . It is not clear, however, for 
the moment whether the underlying expansions used so far 
remain valid in this parameter region. 

So far we could establish that the (pseudo)gapless 1D- 
and 2D-RVB states are always unstable towards transitions 
leading either to Q1D- or pseudogapped 2D-RVB states. 
One can also suspect that the Q1D-RVB states are unstable 
with respect to opening of the pseudogap and going to the 
2D-RVB state with three nonvanishing OPs. From the 
analysis of the high-temperature expansion it seems [11,12], 
however, that the 2D-RVB state with only two nonvanish-
ing OPs squeezes out all other states and is the ground 
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RVB state of the c-a-ca model. In this situation it is im-
portant to check the stability of the pseudogapped 2D-RVB 
state with , 0, = 0a c acζ ζ ≠ ζ  with respect to widening of 
the bandwidth which is going to happen if the OP acζ  
splits from zero. In order to calculate the kinetic energy 
one has to integrate 

2 2
2 2 2 22 2 2

2
0 0

4 ,4cos cos cos cosA x C z B x z dxdz

π π

− + +
π ∫ ∫  

where = 3 .ac acB J ζ  Performing first the integration with 
respect to x  we get 

 
2 22 2

2 2 2
0

4 4 coscos .
cos

C A B zz i dz
C z

π
 + −
 π  

∫ E  (33) 

The latter integrand is then expanded in assumption of a 
smallness of B  which yields the correction to the kinetic 
energy due to the bond widening:  

2 22

2 2 2
0

8 cos .
cos

B Az i dz
C C z

π
 
 −
 π  

∫ D  

Inserting the defininitions we get for the acζ -dependent 
contribution to the energy of the 2D-RVB state the follow-
ing:  

2 2
2

2
8 9

6ac ac
ac ac

J
I J

C
⋅ ζ

− + ζ
π

, 

where I  is the above integral. This contribution is nega-
tive (the state with two nonvanishing OPs is unstable) pro-
vided  

2
12

> 1.acJ
I

Cπ
 

With use of the formula PBM III.8.4.40.50 we obtain  

22 2
2,1

1 32,2 2
0 2 2

1,21 cos= cos |
2 ,

C zI z dz
A

π
 
 
  

∫ G  

which after replacing the integration variable reduces to 
the integral  

22
2,1

1 32,2 2
0 2 2

1,21= |
,4 1

dy C yI
y A

π
 
 
 −  

∫ G  

and with use of PBM III.2.24.2.2 yields  

1 1 32
2,2 2 2 23,3 2

, ,
= | .

4 0,1, 1

AI
C

 −π  
 − 

G  

In the limit of small A  in the lowest order it results in the 
condition  

> .ac cJ J  

The latter estimate, however, does not take into account 
possible variation of the pseudogap-related OPs ,a cζ ζ  
upon widening of the quasiparticle band. In order to take 
these latter into account we complement the self-consisten-
cy equations (30) by the terms proportional to 2B  stem-
ming from the expansion of the integral (33). They basical-
ly reduce to taking derivatives of the above integral I  with 
respect to A  and C  and applying the chain rule. After 
doing that we see that the solution (32) of the equation for 

cζ  in the state with three nonvanishing OPs acquires the 
form 

2
1 2 ac ac

c

J
J

 ζ
− π π  

. 

This results in a loss of the kinetic energy so that the over-
all lowest order contribution to the energy reads 

2
26 ac

ac ac
c

J
J

J

 
+ ζ   

 

which shows that the increasing the quasiparticle band-
width in the psedogapped 2D-RVB state due to splitting 
the OP acζ  from zero increases the energy quadratically in 
this OP for all parameters’ values, so that the 2D-RVB 
state with = 0acζ  is stable: i.e., always has a lower energy 
than the state with 0acζ ≠ . 

The analysis performed in the present section shows 
that the extremely rich phase diagram of the c-a-ca model 
existing at nonzero temperature completely degenerates at 
the zero temperature. All possible phases with lines of 
nodes in their respective quasiparticle spectra, i.e., the 1D-, 
Q1D-, and pseudogapless 2D-RVB states turn out to be 
unstable with respect to opening of the missing 
pseudogaps. On the other hand the 2D-RVB state with 
vanishing acζ  OP is stable with respect to the splitting of 
this latter from the zero which makes us think that the 
RVB ground state of the c-a-ca model is precisely that 
state. The most astonishing fact is that the same conclusion 
fairly follows from the high-temperature expansion [12]. 
Indeed, the cross-sections of the temperature–parameters 
phase diagram [12] shown in Fig. 4 demonstrate that up on 
the temperature decrease all phases are squeezed out by the 
2D-RVB one with vanishing OP acζ  (depicted as orange), 
which according to our current study is the ground state of 
the model. This latter result confirms our observation that 
for the values of the reduced exchange parameters (bari-
centric coordinates in the parameters’ space * = 0.172aJ ; 

* = 0.400cJ ; * * *= 1ac a cJ J J− − ) characteristic for the CuNCN 
material (marked by a white star), i.e., within the Q1D-RVB 
phase (magenta), but close and somewhat below the quad-
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ruple point of the red, magenta, orange, and yellow phases 
in the graph in the left upper corner *( = 0.04)θ  the fol-
lowing sequence of transitions between the RVB phases: 

Q1D-RVB 2D-RVB 2D-RVB
, , , ,

magenta yellow orange
c ac c ac a c a

→ →
ζ ζ → ζ ζ ζ → ζ ζ

→ →
 

occurs up on decreasing temperature showing that the 2D-
RVB phase with three nonvanishing OPs (yellow) is a 
transient one and it is replaced by the 2D-RVB phase with 
two nonvanishing OPs (orange). Our current study con-
firms this conclusion by establishing that the pseudo-
gapped 2D-RVB state (orange) phase is the RVB ground 
state. Of course, it does not exclude that for certain param-
eters’ regions the RVB in general is not the ground state 
which is, of course, the case either for ,ac a cJ J J  or 

,ac a cJ J J  when the ordered phases must occur. Here 
we, however, focus on the RVB states. 

5. Conclusion 

Recently we proposed that the fascinating physics of 
copper carbodiimide (CuNCN) can be explained if one 
assumes a resonating valence bond (RVB) character of its 
phases. Such phases are expected to appear in two-dimen-
sional Heisenberg models with frustrated antiferromagnetic 
couplings. Two models of this type are considered: a well 
known anisotropic triangular lattice model and a new spa-
tially anisotropic antiferromagnetic Heisenberg model with 
the exchange parameters cJ , aJ , and acJ  extending along 
the c, a, and a c±  directions of a two-dimensional rectan-
gular lattice. The detailed analysis of the mean-field self-
consistency equations for RVB ground states yields the 
solutions for the order parameters. The relative positions of 
these solutions on the energy scale are determined. The 
ground state of the anisotropic triangular Heisenberg lattice 
model is always gapped at arbitrary weak frustrating coup-
ling abJ , although the magnitude of the gap is exponen-
tially small for small abJ . For the c-a-ca model having 
extremely rich temperature–parameters phase diagram we 
establish that the 2D-RVB state with two pseudogaps and 
the vanishing RVB order parameter coupled with the inter-
action along the structural diagonal ( )acζ  is the only pos-
sible RVB ground state for all values of parameters. The 
latter finding is in a fair agreement with our high-tempera-
ture analysis implying the transient character of the phase 
with three nonvanishing OPs. 
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